Abstract. Let a be an ideal of a local ring (R, m) and M a finitely generated R-module.
Introduction
Throughout this paper, all rings considered will be commutative and Noetherian with identity and all modules are assumed to be left unitary. In the present paper, we investigate the structure of certain formal cohomology modules. (For details on the notion of formal cohomology, we refer the reader to the interesting survey article by Illusie [I] .) Let (R, m) be a local ring, a an ideal of R and M a finitely generated R-module. Let U = Spec(R) \ {m} and ( U , O u ) denote the formal completion of U along V(a) \ {m}.
Let F denote the O u sheaf associated to lim ← −n M/a n M . Then Peskine and Szpiro [PS, III, Proposition 2.2] have described the formal cohomology modules H i ( U , F ) via the isomorphisms H i ( U , F ) ∼ = lim ← −n H i+1 m (M/a n M ), i ≥ 1. For each i ≥ 0, Schenzel [Sch] has called F i a (M ) := lim ← −n H i m (M/a n M ) ith formal local cohomology module of M with respect to a and examined their structure extensively.
When R is regular, Peskine and Szpiro [PS, III, Proposition 2.2] have remarked that
Also, Ogus [O, Theorem 2.7] has used this duality result for solving this conjecture in the case R contains Q. Since local cohomology modules of finitely generated modules enjoy many nice finiteness and cofiniteness properties, it is rather natural to expect that analogues of some of these properties hold for formal local cohomology modules. In Sections 2 and 3, we obtain some finiteness properties of formal local cohomology modules. There are some applications of these type of finiteness results. For instance Corollary 3.7 below could be considered as a sample. Also, [Hel3, Remark 5.2 .1] and [Hel1, Corollary 2.4 .1] are two more samples of such applications. Finding more noticeable applications (of finiteness properties of formal local cohomology modules) will probably need a significant effort.
This could be subject of a new project and is not adjust to the organization of this paper.
In Section 2, we deal with the question when formal local cohomology modules are Artinian or finitely generated. We show that if an integer t is such that F j a (M ) is Artinian for all j > t, then F t a (M )/aF t a (M ) is Artinian. This immediately implies that the set Coass R (F t a (M )) ∩ V(a) is finite and we provide an example to show that Coass R (F t a (M )) can be infinite, see Remark 2.8 iii) below. By [Sch, Theorem 4.5] , l := dim M/aM is the largest integer i such that F i a (M ) = 0. Let f be the least integer i such that F i a (M ) = 0. Under some mild assumptions on M , Theorem 2.7 below says that F f a (M ) and F l a (M ) are not Artinian. In view of Theorem 2.6 iii) below, formal local cohomology modules are very seldom finitely generated.
In Section 3, we examine the Tor modules Tor R j (R/a, F i a (M )), i, j ≥ 0. In each of the cases a) dim R ≤ 2, b) a is principal up to radical, and c) dim R/a ≤ 1, we show that Tor R j (R/a, F i a (M )) is Artinian for all i and j. (In particular, if R is complete and p is a one dimensional prime ideal of R, then Tor R i (R/p, R p /R) is Artinian for all i.) Assume that either one of the above cases holds or R is regular of positive characteristic. Then, we prove that the Betti number β j (m, F i a (M )) is finite for all i and j. Peskine and Szpiro have introduced the notion of formal grade of an R-module N with respect to a as the least integer i such that lim ← −n H i m (N/a n N ) = 0 and denoted it by fgrade(a, N ). When R is Gorenstein, Schenzel [Sch, Lemma 4.8 In particular, he [Sch, Corollary 4.11] showed that fgrade(a, M ) ≤ dim M −cd a (M ). As our last result, we establish a lower bound for fgrade(a, M ) to the effect that fgrade(a, M ) ≥ depth M − cd a (M ).
Artinianness of formal local cohomology modules
Let a be an ideal of a local ring (R, m) and M an R-module. For each integer i ≥ 0, the ith formal local cohomology module of M with respect to a is defined by
The formal grade of M with respect to a is defined to be the infimum of i's such that F i a (M ) = 0 and it is denoted by fgrade(a, M ). (We use the usual convention that sup ∅ = −∞ and inf ∅ = ∞.) For two R-modules M and N , the ith generalized local cohomology module of M and N with respect to a is defined by [Her] . We denote the supremum of i's such that H i a (M, N ) = 0 by cd a (M, N ) and we will abbreviate cd a (R, N ) by cd a (N ). Also, when R is complete, the canonical module of M is defined by
ring homomorphism of local rings
such that nR is m-primary (e.g. R is integral over T ). Let b be an ideal of T and M an R-module. Then for any integer i ≥ 0, we have a natural R-isomorphism
. ii) Let a be an ideal of a Cohen-Macaulay complete local ring (R, m) and M a finitely generated R-module. Let K R be the canonical module of R. Then
Proof. i) This is an immediate consequence of the Independence Theorem for local cohomology modules, see [BS, Theorem 4.2.1] .
ii) The proof of the existence of these isomorphisms is the same as the proof of [Sch, Remark 3.6] , however for the sake of completeness we include it here. For each integer i ≥ 0, Grothendieck's Local Duality Theorem [BS, Theorem 11.2.8] 
yields the isomorphism
Next, we have inf{i :
This completes the proof of ii).
To prove Theorem 2.4 below, we need a couple of lemmas.
Lemma 2.2. Let a be an ideal of a local ring (R, m) and M a finitely generated R-module
Proof. Let a := (x 1 , · · · , x n ). We argue by induction on n. Let n = 1. By [Sch, Corollary 3.16] , one has the exact sequence
. Now, assume that the claim holds for n − 1 and set b := (x 1 , · · · , x n−1 ). Then [Sch, Theorem 3.15] , provides the following long exact sequence
By [Sch, Theorem 4.5] , one has F d+1 b (M ) = 0, and so
. Therefore, the induction hypothesis yields that F d a (M ) is Artinian. In the remainder of this section, we will use the following lemma. Among other things, it says that if a is an ideal of a local ring (R, m) and M a finitely generated a-torsion
Lemma 2.3. Let a be an ideal of a local ring (R, m) , M a finitely generated R-module and N a submodule of M which is supported in V(a). Then, there is a natural isomorphism
for all i, and so there exists a long exact sequence
Proof. Since Supp R N ⊆ V(a), it turns out that N is annihilated by some power of a. So
for all i. Next, the existence of the mentioned exact sequence is immediate, because by [Sch, Theorem 3.11] , the short exact sequence 0 −→ N −→ M −→ M/N −→ 0 implies the long exact sequence
Now, we are in the position to present our first main result.
Theorem 2.4. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. Assume that the integer t is such that
Proof. We use induction on n := dim M . For n = 0, we have F i a (M ) = 0 for all i > 0 and F 0 a (M ) is Artinian by Lemma 2.2. So, in this case the claim holds. Now, let n > 0 and assume that the claim holds for all values less than n. By Lemma 2.3, one has the following long exact sequence
is Artinian for all i > t. We split the exact sequence
to the exact sequences
From these exact sequences, we deduce the following exact sequences
Since ker ϕ and im ψ are Artinian, in view of (⋆) and (⋆, ⋆), it turns out that if
is Artinian, then
is also Artinian. So, we may and do assume that M is a-torsion 
is Artinian by the induction hypothesis. Now, consider the exact sequence
which induces the exact sequences
Therefore, we can obtain the following two exact sequences
, and
Since x ∈ a, from the later exact sequence, we get that
. Now, since T or R 1 (R/a, im g) and
are Artinian, the claim follows.
The statement of the corollary below involves the notion of coassociated prime ideals.
For convenient of the reader, we review this notion briefly in below. For an R-module X, a prime ideal p of R is said to be a coassociated prime ideal of X if there exists an
The set of all coassociated prime ideals of X is denoted by Coass R X. It is clear from the definition that the set of coassociated prime ideals of any quotient of X is contained in Coass R X. It is known that if X is Artinian, then the set Coass R X is finite. For more details on the notion of coassociated prime ideals, we refer the reader to e.g. [DT] . Let a be an ideal of a ring R. One can easily check that for any R-module X, Coass R X/aX = Coass R X ∩ V(a). So, we record the following immediate corollary.
Corollary 2.5. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. Assume that the integer t is such that
The next result indicates that formal local cohomology modules are very seldom finitely generated.
Theorem 2.6. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. Then the following assertions hold.
is not a finitely generated Rmodule.
iii) Assume that R is a regular ring containing a field. Then for any integer i, the R-module F i a (R) is free whenever it is finitely generated. iv) Let t < depth R M be an integer such that F i a (M ) is finitely generated for all i < t.
is a finitely generated R-module.
assume that M is complete in m-adic topology. So, M is also complete in a-adic topology.
Now, assume that dim M/aM = 0. Then for any integer n ≥ 0, the module M/a n M is Artinian, and so
Hence by [Sch, Theorem 3.11] , from the short exact sequence
a (aM ) = 0, by [Sch, Theorem 4.5] . Therefore, since by [Hel2, Remark 2.5], the R-module H ℓ m (M/aM ) is not finitely generated, F ℓ a (M ) cannot be finitely generated. iii) Let i ≥ 0 be an integer such that F i a (R) is a finitely generated R-module. Then by Lemma 2.1 ii), one has
So, the Matlis duality implies that
is an injective R-module, see [HS, Corollary 3.8] for the positive characteristic case and [L, Corollary 3.6 b)] for the other case. Thus,
sum of finitely many copies of E R (R/m), and so F i a (R) is a finitely generated flat R-module. This yields the conclusion, because any finitely generated flat R-module is free.
, and so
). Hence, we can assume that R is complete. By Cohen's Structure Theorem, there exists a complete regular local ring (T, n) such that R ∼ = T /J for some ideal J of T . Set
) are isomorphic and depth T M = depth R M . For any R-module X, being finitely generated as an R-module is the same as being finitely generated as a T -module. Thus we may and do assume that
) for all i, and so it follows that H j a (M, R) is Artinian for all j > d − t. On the other hand, by the Auslander-Buchsbaum
is finitely generated, as required.
Part i) of the following result asserts that in Theorem 2.6 iv) if t = fgrade(a, M ), then
Theorem 2.7. Let a be an ideal of a local ring (R, m) .
Proof. Without loss of generality we can assume that R is complete. i) By using Cohen's Structure Theorem, there exists a complete regular local ring (T, n)
sequence of T -modules and T -homomorphisms, then one has the exact sequence
. Now, by the Auslander-Buchsbaum formula, we have
and so
Hence the supremum of the integers i such that
is not finitely generated.) By [ADT, Remark 2.7 ii)], we know that
Thus dim R/a is the supremum of the integers i such that F i a (R) is not Artinian.
The following remark indicates that both the assumptions and the assertions of our results in this section are sharp.
Remark 2.8. Let a be an ideal of a local ring (R, m) and M a finitely generated R-module.
i) By [Sch, Lemma 4.8 b) ], one has fgrade(a, M ) ≤ depth M . So, the condition fgrade(a, M ) < depth M is not a big assumption in Theorem 2.7 i). However, it cannot be dropped. To realize this, assume that M is a nonzero R-module of finite [Sch, Theorem 4 .5] has showed that ℓ := dim M/aM is the largest integer i such that F i a (M ) = 0. It is natural to ask whether F ℓ a (M ) is Artinian. However, Theorem 2.7 ii) shows that in the case R is Cohen-Macaulay, the module F dim R/a a (R) is Artinian if and only if ht a = 0.
So, easily one can construct an example such that F ℓ a (M ) is not Artinian. iii) By Corollary 2.5, we know that if for an integer t, all the formal local cohomology
is finite. It is rather natural to ask whether Coass R (F t a (M )) is also finite. This is not the case. To this end, let (Y ) , and so it is not a complete local ring. 
Hence F i a (M ) is a pure injective R-module, see Lemma 4.1 (and its preceding paragraph) in [M2] . In particular,
v) One can also prove Theorem 2.4 by an argument similar to the proof of Theorem 2.6 iv). But, we prefer the more direct existing argument. vi) In Theorem 2.6, we have seen that the formal local cohomology modules F i a (M ) are very seldom finitely generated. In fact, even their set of associated primes might be infinite. For instance, let R be complete Gorenstein and equicharacteristic with dim R > 2. Let p be a prime ideal of R of height 2 and take x ∈ m − p.
Then by [Hel1, Corollary 2 
). Since ht p = 2, there are infinitely many prime ideals of R which are contained in p, and
vii) Lemma 2.1 i) can be considered as the analogue of the Independence Theorem (for local cohomology modules) for formal local cohomology modules. One might also expect that the analogue of the Flat Base Change Theorem (for local cohomology modules) holds for formal local cohomology modules. Let us be more precise.
Let f : (R, m) −→ (U, n) be a flat local homomorphism, M a finitely generated Rmodule and a an ideal of R. Are the two U -modules
3. Artinianess of the modules Tor
Let a be an ideal of R and X an R-module. The module X is said to be a-cofinite if it is supported in V(a), and Ext i R (R/a, X) is finitely generated for all i. Let M be a finitely generated R-module. It is known that if either a is principal or R is local and dim R/a = 1, then the modules H i a (M ) are a-cofinite, see [K, Theorem 1] for the case a is principal and [DM, Theorem 1] and [Y] for the other case. As the main results of this section, we prove that if dim R ≤ 2 or either a is principal or dim R/a ≤ 1, then
is Artinian for all i and j.
Lemma 3.1. Let a be an ideal of R, X an R-module and n ≥ 0 an integer. Then Tor Theorem 3.2. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. Assume that a is principal up to radical. Then Tor
Proof. Let a and b be two ideals of R with the same radical and X and Y two Rmodules. Then for each integer i, one has
. Now, the argument given in the beginning of the proof Theorem 2.7 indicates that
. Thus in view of Lemma 3.1, without loss of generality, we may assume that a is principal. So, let a = (x) for some x ∈ R and let i ≥ 0 be an integer. Then by [Sch, Corollary 3.16] , there exists the following long exact sequence
Consider the following two short exact sequences
Since im f and im h are Artinian, it turns out that Tor R j (R/a, im f ) and Tor R j (R/a, im h) are Artinian for all j ≥ 0. Since the map induced by multiplication by x on R x is an isomorphism and x ∈ a, we conclude that Tor
m (M ))) = 0 for all j. Thus from the long exact sequence of Tor modules which is induced by (⋆, ⋆), it turns out that Tor R j (R/a, im g) is Artinian for all j ≥ 0. Now, the long exact sequence of Tor modules which is induced by (⋆) completes the proof. Theorem 3.6 below is our next main result. To prove it, we need the following three lemmas. The first two lemmas enable us to reduce to the case when R is a complete regular local ring. Our approach for this task is motivated by that of Delfino and Marley for proving their main result in [DM] .
Lemma 3.3. Let f : T −→ R be a module-finite ring homomorphism and X an R-module. Then X is Artinian as an R-module if and only if it is Artinian as a T -module.
Proof. Clearly if X is Artinian as a T -module, then it is also Artinian as an Rmodule. Now, assume that X is Artinian as an R-module. Then there are finitely many maximal ideals m 1 , · · · , m t of R such that X is isomorphic to an R-submodule of t i=1 E R (R/m i ). So, it is enough to prove the claim only for Artinian modules of the form X = E R (R/m), where m is a maximal ideal of R. Since f : T −→ R is module-finite, it follows that n := m ∩ T is a maximal ideal of T . The homomorphism f induces a natural T -monomorphism f * : T /n −→ R/m, which in turn induces a surjective T -homomorphism
is nonzero. Let Y := Hom T (R, E T (T /n)). Then, it is easy to see that Y is an injective R-module and an Artinian T -module. We have
So m ∈ Ass R Y , and hence E R (R/m) is a direct summand of the injective R-module Y .
Therefore, E R (R/m) is Artinian as a T -module, as required.
In Theorem 3.6 below, we use a special case of the following result, in which T is local and R is a homeomorphic image of T . But here we prefer to include the following general setting for other possible applications in future. First suppose that the R-module Tor R i (R/bR, X) is Artinian for all i. For any q ≥ 0, the R-module Tor T q (T /b, R) is finitely generated and is supported in V(bR). Hence Lemma 3.1, implies that the R-module E 2 p,q is Artinian for all p, q. For each n, there exists a filtration
But for each i, E ∞ i,n−i is a subquotient of E 2 i,n−i , and so it is an Artinian R-module. Thus Tor is an Artinian T -module for all n ≥ 0.
Conversely, assume that the T -module Tor
is Artinian for all i. By induction on n, we prove that E 2 n,0 ∼ = Tor R n (R/bR, X) is an Artinian R-module for all n. For n = 0, one has E 2 0,0 ∼ = T /b ⊗ T X, so it is Artinian as a T -module as well as an R-module. Now, assume that the claim is true for all p < n. Then Lemma 3.1, implies that E 2 p,q is an Artinian R-module for all p < n and q ≥ 0. One has the exact sequence 0 −→ E for all r ≥ 2. Since Tor T n (T /b, X) is an Artinian T -module, it follows that E ∞ n,0 is an Artinian T -module. We have E ∞ n,0 ∼ = E r n,0 for all r ≫ 0. By using (⋆) recursively, it becomes clear that E 2 n,0 is an Artinian R-module.
Lemma 3.5. Let a be an ideal of a regular complete local ring (R, m) and M a finitely generated R-module. Assume that dim R/a = 1. Then H n a (M, R) is a-cofinite for all n.
Proof. First of all note that in view of [DM, Proposition 1], we can and do assume that a is radical. Hence, the assumption dim R/a = 1 yields that a is the intersection of finitely many one dimensional prime ideals of R. Thus a is unmixed, because R is catenary. Let d := dim R. Since R is a complete domain, the Hartshorne-Lichtenbaum Vanishing Theorem yields that H d a (R) = 0. Thus grade(a, R) = cd a (R) = d − 1. So, the spectral sequence
Proposition 5.2], we know that
On the other hand, since the injective dimension of R is equal to d, one has H i a (M, R) = 0 for all i > d. Hence H n a (M, R) = 0 for all n / ∈ {d, d − 1}. By [HK, Lemma 4 .7], the
) is a-cofinite. Therefore, it remains to prove
) is a-cofinite. By [HK, Lemma 4.3] , this holds if M is a submodule of a finitely generated free R-module. We can construct an exact sequence 0 −→ N −→ F −→ M −→ 0, where F is a finitely generated free R-module.
This short exact sequence induces the following exact sequence
We split it into the short exact sequences
By [HK, Lemma 4.3 
Now from (⋆), one concludes that Hom
) is a-cofinite, as desired. Now, we are ready to prove the next main result of the paper.
Theorem 3.6. Let a be an ideal of a local ring (R, m) and M a finitely generated R-
Proof. The case dim R/a = 0 is trivial. So, in below, we assume that dim R/a = 1. Let F • be a free resolution of the R-module R/a. Then, clearly F • ⊗ R R is a free resolution of the R-module R/a R. Hence, for any R-module X and any i ≥ 0, one has
Thus for any i and j, the two R-modules Tor R j (R/a, F i a (M )) and Tor
isomorphic. So, we may and do assume that R is complete. Then by Cohen's Structure Theorem, R is a homomorphic image of a complete regular local ring (T, n). That is R ∼ = T /J for some ideal J of T . By Lemma 2.1 i) and Lemma 3.4, we can assume that R = T .
Since for any R-module X, one can see easily that Tor
where d = dim R. Therefore, for any i and j, Matlis Duality asserts that Tor R) ) is finitely generated. So, the claim follows by Lemma 3.5.
The computation that was done by Hellus in the proof of [Hel3, Lemma 3.2.1] shows that if p is a one dimensional prime ideal of a complete local ring (R, m) , then F 1 p (R) ∼ = R p /R. Thus, one has the following corollary.
Corollary 3.7. Let p be a one dimensional prime ideal of a complete local ring (R, m) .
For proving the second part of our next result, we employ an argument analogue to that used by Melkersson in [M1, Theorem 2.1].
Theorem 3.8. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. Then the following assertions hold. i) If either
Proof. i) The case i = dim M is clear by Lemma 2.2. Now, let i = 0. Without loss of generality, we may and do assume that R is complete. Then by Theorem 2.6 i), F 0 a (M ) is a finitely generated R-module. [Sch, Lemma 4 .1] yields that
is supported only at m, and hence Tor R j (R/a, F 0 a (M )) has finite length. ii) As in i), we may and do assume that R is complete. The cases i = 0 and i = 2 follow by i). Since by [Sch, Theorem 4.5 
is Artinian for all j. There are prime ideals p 1 , · · · , p n and a chain
. Now, we complete the argument by applying induction on n. Let n = 1, and
So, in view of Lemma 3.4, it suffices to show that Tor A j (A/aA, F 1 aA (A)) is Artinian for all j. If dim A/aA = 2, then aA = 0, and so F 1 aA (A) ∼ = H 1 mA (A). Therefore, the proof of the case n = 1 is complete. Next, assume that n > 1 and that the claim has been proved for n − 1. From the short exact sequence
by [Sch, Theorem 3.11] , one has the long exact sequence
. Now, by splitting this long exact sequence into short exact sequences, we can prove that
is Artinian for all j. Note that in a short exact sequence
if two of the modules X, Y and Z have the property that all of their Tor-modules against R/a are Artinian, then the same property also holds for the third one.
Corollary 3.9. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. In each of the following cases, the Betti number β j (m, F i a (M )) is finite for all i and j.
ii) a is principal up to radical.
iv) R is regular of positive characteristic.
Proof. It turns out that in each of the first three cases Tor
is Artinian for all i and j, see respectively Theorems 3.2, 3.6 and 3.8. Hence, Lemma 3.1 yields that in each of these cases Tor
) is also Artinian for all i and j, and so
is finite for all i and j. Now, assume that R is regular of positive characteristic. We may assume that R is complete. Then by Lemma 2.1 ii), one has
for all i and j. Thus β j (m, F i a (M )) is equal to the jth Bass number of
and so in the case iv), the claim follows by [DS, Theorem 2.10] .
Example 3.10. i) The assumption dim R/a ≤ 1 cannot be dropped in Theorem 3.6. To this end, let k be a field,
On the other hand, one has F 1 a (R) ∼ = R, see [Sch, Example 5.2] . Hence F 1 a (R)/aF 1 a (R) is not Artinian.
ii) The assumption dim R ≤ 2 is really needed in Theorem 3.8 ii). To realize this, let k be a field, R := k[[X, Y, Z] ] and a := (XZ, Y Z) . Then by using Lemma 2.1 ii), we get the
. Since in view of the proof of [M1, Theorem 2.2], the module Hom R (R/a, H 2 a (R)) is not finitely generated, it follows that F 1 a (R)/aF 1 a (R) is not Artinian.
Formal grade and Cohen-Macaulayness
Recall that an ideal b of a ring R is said to be cohomologically complete intersection if cd b (R) = ht b, see [HS] . Typical examples of such ideals are set-theoretic complete intersection ideals. Let a be an ideal of a complete local ring (R, m) and M a finitely generated R-
. In our first result in this section, we specialize this result in two particular situations.
Theorem 4.1. Let a be an ideal of a complete local ring (R, m) and M a finitely generated R-module.
ii) If R is Cohen-Macaulay and a cohomologically complete intersection, then
Proof. Since R is complete, it possesses a dualizing complex. Let D • R be a normalized dualizing complex of R. Then by [Sch, Theorem 3.5] , one has
for all i. By [Sch, Proposition 2.4 
b)], we have
for all i ≥ 0. Assume that M is Cohen-Macaulay. Then the two complexes Hom
and so the first assertion of i) follows. Now, assume that R is Cohen-Macaulay and a cohomologically complete intersection.
Since M is finitely generated, one has RΓ a (Hom
). Using some of the standard properties of canonical modules, one can easily deduce that grade(a, K R ) = grade(a, R). On the other hand, as Supp R K R = Spec R, [DNT, Theorem 2.2] yields that cd a (K R ) = cd a (R) . So, because a is cohomologically complete intersection, it turns out that H i a (K R ) = 0 for all i = ht a. Hence,
On the other hand, by preceding paragraph, one has
This completes the proof of the first assertion of ii).
The proof of the last assertions of i) and ii) are similar to the proof of the last assertion of Lemma 2.1 ii), and so we leave it to the reader.
The corollary below provides a new characterization of Cohen-Macaulay modules.
Corollary 4.2. Let (R, m) be a local ring and M a nonzero finitely generated R-module. Then the following are equivalent:
Proof. By [Sch, Proposition 3 .3], we have
loss of generality, we may and do assume that R is complete.
i) ⇒ ii) This is immediate by Theorem 4.1 i).
ii) ⇒ iii) Consider the ideal a := 0. Then [SV, page 235] for more details.) So, R m is a Buchsbaum quasi-Gorenstein local ring. Now, take g ≥ 3 and let a be a nonzero principal ideal of R m . Then, by [Sch, Theorem 4 .9], one has
iii) Let k be a field. Consider the 2-dimensional complete local ring
(X)∩ (Y,Z) . One can check that R is approximately Cohen-Macaulay (i.e. there exists an element a of R such that R/a n R is a Cohen-Macaulay ring of dimension 1 for every integer n > 0).
Set a := (x). Note that by [Sch, Theorem 4 .12], we have fgrade(a, R) ≤ dim(R/a + p) for all p ∈ Ass R R. Now, by applying this result to p := (y, z), we find that fgrade(a, R) = 0.
On the other hand, cd a (R) ≤ 1, and so fgrade(a, R) + cd a (R) < dim R. 
Hence, fgrade(a, R) = cd a (R) = 0, and so
Next, let a be a non-nilpotent ideal of R. Then a is an m-primary ideal of R. Hence, cd a (R) = 1 and fgrade(a, R) = 0, and so fgrade(a, R) + cd a (R) = dim R.
Let M be an R-module and L a pure submodule of M . Let a be an ideal of R such that the equality fgrade(a, M ) + cd a (M ) = dim M holds. In the next two propositions, we investigate the question whether this equality implies that fgrade(a,
Proposition 4.4. Let a be an ideal of a local ring (R, m) and M a finitely generated
Proof. i) Since L is a pure submodule of M , one concludes that the natural map L/a n L −→ M/a n M is pure for all n ≥ 0. Now, [Ke, Corollary 3 .2 a)] implies that the induced map
is injective for all i and n. For each i, the inverse system {H i m (L/a n L)} n∈N satisfies the Mittag-Leffler condition. Thus, it follows that F i a (L) is isomorphic to a submodule of F i a (M ), and so fgrade(a, L) ≥ fgrade(a, M ). For the remaining assertion of i), note that for any finitely generated R-module N , one has fgrade(0, N ) = depth N . Hence by applying the first assertion of i), for the zero ideal, we have
So, the equality depth M = dim M yields the equality depth L = dim L. [DNT, Theorem 2.2] implies that cd a (L) = cd a (M ). Suppose that fgrade(a, M ) + cd a (M ) = dim M . Then by i) and [Sch, Corollary 4 .11], we have
This finishes the proof of ii).
Let G be a group of automorphisms of R. Recall that the ring of invariants R G is defined to be the set of all elements of R, which are invariant under the action of G. Our next result can be considered as a slight generalization of the Hochster-Eagon result on Cohen-Macaulayness of invariant rings which it corresponds to the case b = 0. Proof. Since ρ| R G = id R G , one has R = R G X for some R G -module X. It follows easily that R G is also a Noetherian ring. Because R is integral over R G , it turns out that R G is also local and dim R = dim R G . By the Independence Theorem for local cohomology modules, we have where M runs over all R G -modules, one concludes that cd b (R G ) = cd bR (R) . On the other hand, by using Lemma 2.1 i), one has
and so fgrade(bR, R) ≤ fgrade(b, R G ). Therefore,
The reverse of the above inequality always holds by [Sch, Corollary 4.11] . So, fgrade(b, R G ) = fgrade(bR, R).
This completes the proof.
Schenzel [Sch, Corollary 4.11] has proved that fgrade(a, M ) ≤ dim M − cd a (M ). In the next result, we establish a lower bound for fgrade(a, M ).
Theorem 4.6. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. Then
Proof. The right-hand inequality holds by [Sch, Corollary 4.11] . By [Sch, Proposition 3 .3], we have ii) Let (R, m) be a local ring and G a group of automorphisms of R. For each r ∈ R, the orbit of r under the action of G is denoted by G r . The group G is said to be locally finite if for each element r ∈ R, the set G r is finite. Let G be a locally finite group of automorphisms of R such that |G r | is a unit in R for every r ∈ R (e.g. G is a finite group such that |G| is a unit in R). Then the map ρ : R −→ R G given by the assignment r to iii) Note that Corollary 4.2 can also be deduced easily from Theorem 4.6.
